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Before the age of calculators, studying functiamshsassinx, cos<x, €*, andInx
was quite time consuming. The graphs of thesetifume are important when studying their
characteristics. James Gregory, a Scottish matfeerain the 1% century, made an
important discovery about these functions. Usialgudus, he wrote a series of terms to
approximate very closely the graph of the curvés rHain focus was with the functidnx;;
he was able to calculate any positive valug a$ing a polynomial series. Brook Taylor, an
English mathematician, generalized the Maclauriresedevised by Colin Maclaurin.
However, Gregory had actually known about them lbefpre Taylor came into the picture.
Taylor invented the method for expanding functiongerms of polynomials about an
arbitrary point known as Taylor Series, which hélmined in 1715. Computing values of
polynomials is much easier and less time consunhiag evaluating a function likeinx. In
this paper, | will look at the background needefbteeone can truly understand polynomials,
the definition of Taylor polynomials, and how tceuBaylor polynomials to approximate the
functions | mentioned above.
Polynomials

To work with Taylor polynomials, one needs to beedb work comfortably with
polynomial functions and their properties. In slase have discussed linear functions like
f (x) =2x -1 and quadratic functions likg(x) = x* - 3x+5. Linear and quadratic functions
belong to a family of functions known as polynonfiaictions.

A polynomial is an expression that can be writtethie form

P(x)=ax"+a _X""'+a X"*+..+ax+ax+a,

wheren is a nonnegative integer. The expressians', a _x"", a _,x"? ..., a,x>, ax,

and a, are called terms of the polynomial, and the nusagr a,_;, a,_,, ...,a,, &, anda,
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are called the coefficients of the polynomial. hligh the terms of a polynomial can be

written in any order, we usually write them in desding powers at. The term containing

the highest power ofis called the leading term. The coefficient af thading term is called

the leading coefficient, and the powemnxafontained in the leading term is called the degree

of the polynomial. The polynomial O has no degrBelynomials of the first few degrees

have special names, as indicated in the chart below

Degree | Name Example
0 constant 5
3x+2
2 quadratic x2—4
3 cubic X2 +2x+1
-3x* + x
5 quintic | x°+ 7x* -3.1x°+11

v

To identify a particular term of a polynomial, weeuthe name associated with the power
of x contained in the term. For example, the polyrsdmf — 4 has a quadratic term of,

no linear term and a constant term-@. Note that the leading coefficient af - 4 is
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understood to be 1. Every polynomial defines afiong often called®. Any value ofx for
which P(x) =0 is a root of the equation and a zero of the fumcti
Linear Approximations

In the class, Concepts of Calculus for Middle UeMeachers, we looked at how to
approximate a function using a degree 1 polynomaiely the tangent line approximation. If any
function with a derivative at a poirt= a is looked at on a small enough interval closa, tihe
function’s graph will resemble a line. We can these the tangent line to estimate values fairly
close toa. In class, we used the point-slope form of a {lmget the tangent line equation. This
equation isy -y, = m(x — x,), wheremis the slope of the tangent line afq,y,) is a point on the
line where the line is tangent to the function. Wamnt to focus on the specific point where a.
This means that our point of tangencyasf (a)). In calculus, another name for the slope of the
tangent line at a point is the derivative at th@ihp This means than = f'(a). If we substitute all
these values in to our point slope form of our &amdine, we get:

y-f(a)=f'(a)(x-a) or  R(x)=(a)+ f'(a)(x-a)

The tangent line is the best linear approximatethe function neax =a. The tangent line and the
curve share the same slopexat a, in other words, they have the same first denatiThis
approximation is called a Taylor polynomial of degrl, noted®(x). The diagram below shows

that it is a good approximation to the functiont baly near the poir.

True fx)/_Ainear approximation

azt S of flx)

{afla))

oET

-0.5 0.5 1 16 2 2.5
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Let’s look at a function such a§(x) =€* near 0. To use the Taylor polynomial of degree 1,
we need to know the value of the function and @vdtive of the function at 0. The value of the
function at 0 isf (0)=e° =1. The derivative isf'(x) = €*, so the derivative at 0 id,'(0) =€’ =1.

We can now plug these values into the formula taageaylor polynomial of degree 1 at the point 0.
Since the formula whea =0 isP(x) = f (0) + f'(0)x, after substituting, we geB(x) =1+1x. The

graph below shows the original function and iteénapproximation.

5+ / y=1+x

L 4

Once again, the tangent line, or Taylor polynorofadegree 1, is a decent approximation
close to 0. Once you get too far from 0 though,dlror gets worse. Since we used the first
derivative to obtain a linear approximation, canuge the second derivative to obtain a better
approximation to the original function?

Quadratic Approximations

If we want a more accurate approximation to threcfion, we can use a quadratic function,
which not only has the same slope, but also banttei same way as the original curve. In other
words, can we find a function that not only hasshme first derivative, but also the same second
derivative as the function at and near the valug?x=The quadratic approximation of the function

neara will have the form:
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P,(x)= f(a)+ f'(a)(x—a)+%(x—a)2 (Appendix A)

For example, takeosx as our function and led =0. So, we will be using a Taylor polynomial of
degree 2 to approximatmsx near 0. To do this, we need to know the valueffunction, first
derivative and second derivative at 0. The valud®function at 0 is 1. The first derivative of
cosx is —sinx. So the value of the first derivative at 0 isThe second derivative of the function
cosx is —cosx. So the value of the second derivative at 0.isFiis gives us the quadratic formula
to approximatecosx to be P,(x) =1+ O(x—0)+%(x—0)2 :1—%x2. As the picture indicates, the
guadratic approximation is much more accuratetti@tinear approximation near 0.

A

28T

y=1

Is this is always the case? Does the Taylor polyabaf degree 2 give a good
approximation of the function nea?P Let's go back to our example wheféx) =e*. We
already know our Taylor polynomial of degree 1fiéx) =1+ 1x near the point 0, so if we
add on the quadratic term, we need to know thetioims second derivative. The second
derivative of f (x) =e* is f"(x) =€*, and f"'(0)=€’ =1. So the Taylor polynomial of

degree 2 near 0 iB,(x) =1+1x +1x>. The graph below, along with the original funatio
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and the first two Taylor polynomials shows that tfuadratic approximation is better for

points farther froma than the linear approximation.

% i
y=e i v=1+x+1;2x2

\ v i

5+ y=1+X

¥

Definition of Taylor Polynomials

We approximate a functiofi(x) near the pointx = a by polynomials. To get more
accuracy, we take higher-degree polynomials. fpeaximation is usually good near the
point x = a, but often not so good farther from that pointsing Taylor Polynomials, a
function can be approximated as closely as desiygublynomial provided the function
possesses a sufficient number of derivatives apoia in question. Starting with a generic
polynomial and deriving the formula until all coefénts are established will find the
formula. (Appendix A)

The definition of Taylor polynomials states: Leétfunctionf and its firsin

derivatives exist on the closed interfs),x;]. Then, fora (x,,x,) and x O (x,,) the

nth-degree Taylor Polynomiélata is thenth-degree polynomiaP(x), given by

P (x) = f(a)+ f'(a)(x~a) + D (x—a) +L(a)(x—a)3+@(x—a)4 b @ gy
2 3 41 n!

or P(x) = Z%(x -a)'
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Maclaurin Polynomials

Often, it is useful to focus on the Taylor polynats that approximate a function near 0.

This is known as a Maclaurin polynomial. The Macia polynomials are named after the Scottish

mathematician, Collin Maclaurin. To get the foranédr a Maclaurin polynomial, all one needs to

do is substitutea = 0 into the above Taylor polynomial equation.

P, = £(0)+ O+ Dy L7 O, FO e 17O,

2 3

n

For the rest of the paper, | would like to focustioe Maclaurin Polynomials, or Taylor polynomials

about 0. To be specific, let’s focus on just amection and see the results of taking higher order

Taylor polynomials to approximate the functidiix) = e* about O.

Degree 1: (linear) P(x)=1+x

Degree 2: (Quadraticp,(x) =1+ x +1x?

Degree 3: (Cubic) Py(x)=1+x+1x*+1x®

Degree 4: (Quartic)P,(x) =1+ x+%x2 +%x3 +2—14x“
Degree 5: (Quintic)Py(x) =1+ x+1x*+1x®+-L x* + L. x°
Py(2)=1+2+12°+12°+ L 2*+.1.2°=7.26

12C

f(2)=€?=7.389

P(2)=1+2=3
P,(2)=1+2+12%=5
P(2)=1+2+12?+12°=61
P(2)=1+2+122+12°+ 12 =7
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Error Analysis

It is important to discuss the error involved whising a Taylor polynomial. The
polynomial is just a good approximation for thedtion near, but how accurate is it? If we
define the error to b& (x), then we could write thaf (x) = P, (x) + E_,(x), this means that
E,.(x) = f(x)—P,(x). Beyond this point, the error function gets quibenplicated. The

formula for the error is:

(X— a)n+1 f n+1(CX) :i ]t (X—t)n f(n+1)(t)dt

En(x)=f(x)=-P,(x)= (n+1)! nl

a

The point ¢ is restricted to the interval bounded>bgnda, and otherwise, is unknown. It
is important that the function can be derivetl 1 times. When discussing Taylor
polynomials, it is important to understand thatréheill always be a small error. The error
gets larger as the value gets farther flaanBy taking higher order polynomials, our

approximation gets closer to the actual functiontheninterval.

Taylor Series

A Taylor series is an infinite series created |ikst the Taylor Polynomials. The
series has infinitely many terms rather than stogait then™term like the polynomials. By
definition, the Taylor polynomial is just a trunedtseries. When the series approaches
infinity, it is no longer considered an approxinoati but instead equal to the actual function

if Li[rl E,.(x) =0. The series is written:
P(x)=f(a)+ 1‘'(a)(x—a)+w(x—a)2 +w(x—a)3 + ...+m(x—a)n +...
2 3 n!
or

P =23 (x-a)
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For the Taylor series to exist at a pointhe error,E_(x), must approach zero as the number
of terms approaches infinity. So, when discus3iagor series, it is important to establish
that the error term approaches zeronagpproaches infinity. In other words, it becomes
negligible for largem.

The Taylor Series fosinx, cosx, ande”:

. :x® x' X
sinx=x-—+2 -2 4+2 _
3 5 7 4
2 X4 XG X8
cox=1-—+2 -2 42 —
2 4 d 8
. 2 3 X4
€ =l+ X+ ——+—+—+_.
2 3 4

Without the use of technology, findirgein@) can be quite difficult and time
consuming. However, having the knowledge of Taplaiynomials and Taylor series is like
having a new technology, one that can be used uitthlectricity or batteries. With a
knowledge polynomial functions and some basic das;wone can approximate functions

very accurately. What was once nearly impossiblaade easy by Taylor polynomials.
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Derivation of the Formulafor Taylor Polynomials

Let’s derive this formula to understand where imes from. | will begin with a generic formula
of annth-degree polynomial.

f()=a,+a(x-a)+a,(x-a) +a(x-a)°+..+a,(x-a)"

Find the value of the function at the paant
f@=g+a(@-a)+a(a-a)’+a@-a)’+.+a,(a-a)

Since we know thaa—a) =0, this leads us to:
f(a) =a, + a(0)+ &,(0)° + a,(0)’ +...+ &,(0)"

This tells me thaf (a) = a,. | can substitute this value into my equationjrgg me:
f(x) = f(a)+a(x—a)+a,(x—a)’ +a,(x—2a)* +..+a,(x~a)"

Now, take the derivative of the function:
f'(x)=0+a +2a,(x—-a)' +3a,(x-a)*+...+ na (x—a)"™

Find the value of the derivative at poat
f'(@)=0+a +2a,(a-a)" +3a,(a-a)’+...+ na,(a-a)"*

Once againa—a) = 8o,
() =0+ 3 +2a,(0) + 38,(0)* + ...+ na, (0)"*

This tells me that'(x) = a,. | can substitute this value into my equationjrgg me:
f(x) = f(a)+ F'(A)(x—a) +a,(x—8)* + a,(x—2a)° +..+ & (x—a)"

Thisgivesthelinear approximation: PR,(x)= f(a)+ f'(a)(x—a)

Now, take the second derivative of the function:
f''(x) =0+ 2a, + 3Ra,(x—a)' +...+ n{n-1a, (x—a)"?

Find the value of the second derivative at the foain
f'(a)=0+2a,+3[Ra,(a-a)' +..+n{n-1a,(a—a)">

Once again(a—a) = OQthis gives:
f''(a) =0+ 2a, + 3[Ra,(0)' +...+ n[{(n—1)a, (0)"?

This tells me thatf "' (a) = 2a,, or =a,. Substitute back into the original function

f'"(a)
2

to get:
(9= 1(@)+ F@)(x-a) +- D (x=a)" +ay(x=)’ +.+ 8, (x -
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This givesthe quadratic approximation: P,(x) = f(a) + f'(a)(x—a)+¥(x—a)2

Take the third derivative of the function:
f'"'(x) =0+ 3[Ra, + 4[B[Ra,(x—a)' +...+ n[{n-1)[{n-2)a (x—a)"°

Find the value of the third derivative at the pant
f''(a) =0+ 3Ra, +4[BRa,(a-a)' +..+n(n-1){n-2)a (a-a)">

Once again(a—a) = OQthis gives:
f''(@ =+0+32a, +..+ n[{n-1)[{n-2)a, (0)"°
This tells me thatf """ (a) = 3[2a,, or % = a,. Substitute back into the original

function:

f(x)=f(a)+ f'(@(x-a) 1@ 2(a) (x-a) +_f3[(2a) (x-a)’+..+a,(x-a)"
This pattern can be followed until th& derivative to give the final formula:

P (x) = f(a)+ f'(a)(x—a)+%(x—a)2+¥(x—a)3+%(x—a)4 + ...+%(x—a)"



