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Heron's Formula

The formula for the area of a triangle can be dgyedi by making an exact copy of the triangle
and rotating it 180°. Then join it to the giveratrgle along one side to obtain a parallelogram as
shown above. To form a rectangle, cut off a stni@lhgle along the right and join it at the other
side of the parallelogram. Because the areaeofd@ttangle is the product of base (b) and height
(h), the area of the given triangle must be 1/2bh.
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The area of a triangle is A = 1/2bh, where b islémgth of any side of the triangle (the base) and
h (the altitude) is the perpendicular distance betwthe base and the vertex not on the base.
This can be seen in the following sketchAXBC with base AB and altitude (height) CD. The
height of a triangle is not always given so this tanit the use of this formula to calculate the
area of the triangle.

1
Area formula = 1/2bh= (? )AB [CD = 1553 cm?

CD|= 3.67 cm

B D A
AB = 847 cm

Now what if you have an inquisitive student whosaskVhat if you know the sides of a triangle
but don't know the height?"

Enter Heron of Alexandria, a Greek mathematiciao Viked in the first century (c. 10 - 70). He
was believed to have taught at the Museum of AldxanThis is due to the fact that most of his
writings appear as lecture notes for courses irnemastics, mechanics, physics and pneumatics.
Heron's most famous invention was the first docuetksteam engine. He also wrbtetrica a
book that describes how to find surfaces and votuaierarious objects. In this book, there is a
proof for a formula to find the area of any triamgthen the lengths of the sides are all known
called Heron's Formula.



Johnson — MAT Expository Paper - 2

To use the formula, the semi-perimeter is calcdlatgfinding the sum of the lengths of the
sides of the triangle and dividing the sum by 2.
S:a+b+c

2

Then the area of the triangle{@(s— a)(s—b)(s—c). An example using this formula to find the
area is shown below.

a= 448 cm
b= 694 cm . . a+b+c
Semi perimeter s= _
c= 847 cm P =994 cm
Heron's formula at+b+c a+b+c a+b+c at+b+c
_ _ -a -b c J= 1553 cm?
A=4/s(s-a)(s-b)(s-c) = 5 5 5 5
a b Area ABCA= 1553 cm?
B [+ A

Heron's proof of this formula was found in Propiositl.8 in his booletrica. This document
was lost until a fragment was found in 1894 andllecbpy was found later in 1896. It is said
that his proof is ingenious but complex. It isibeéd though that Archimedes (287 B.C. - 212
B.C.) already knew the formula. A more accessibteof, that came from
http://mathpages.com/home/kmath196.htraes algebra.

Let A equal the area of a triangle shown below.oKithatc =d+e and h is an altitude.

Using the Pythagorean Theorem, a proof of whiclléldiscussed in a later section of this
paper,d® + h? = a® and h* + e =b*.

Combining the system of equations by subtraction,
d*+h*=a’ a )
_(hZ + e2 = b2)

d*+h*~ (€ +h*)=a"-b
d?-e? = a%-b? d e

(d+e)(d-e)=a’-b c
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Divide one side by d+e, which is equivalent to ding the other side by c.
(d+e)(d-e) _a*-b?

d+e o
Add c to both sides of the equation, then substitiite in for ¢ and simplify.

2 _RK2
d—e+c:[a b J+c

C
2 _ 12 2
d-e+d+e=2 2 7C b7+c
C
2 _ 12 2
2d:a b +c
c
2 _RK2 2
d=a b +c
2c

Now let's look at the area formula of the triangith base ¢ and height

1
A==hc

2

1
Using the facth® = a® - d* thenh = (a2 - dz)i, | can substitute in this expression for
_1 o oy

A—Ec(a d )2

A= % ((ac)2 - (cd)z)i

Now substitute in the value dffrom above and begin simplifying the expression.

SCAS )
A= % ((2ac)2 - (@ -0+ 02)2)§
AA= ((2ac)2 - (@b cZ)Zj

16A° = (2ac)’ ~ (a° - b’ + 02)2
By using the difference of squares, it can be facto
16A% = (2ac + (a2 -b*+ CZ)XZac - (a2 -b*+ cz))

16A* =(a-b+c)(a+b+c)(-a+b+c)(a+b-c)
at+b+c

N

The semi-perimeter of a triangle $s

By using some algebra each of the following casudestituted into the above to get the next
step simplified.
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2s=at+b+cand {s-a)=-a+b+cand {s-b)=a-b+c and fs-c)=a+b-c
16A% =16s(s- a)(s—b)(s-¢)

A? = 5(s-a)(s—b)(s-¢)

A5~ 2)ED)E0)

Therefore, Heron's formula is proved.

A student might ask then, "How would you find threaof other polygons? Does this formula
work for quadrilaterals?"

Brahmagupta's Formula

This question can be answered by looking at Braluptas Formula. Brahmagupta lived in
India (c. 598 - 670). He wrot&rahma Souta Sddhanta of which covered many topics about
astronomy and mathematics. He is attributed tditlieng of zero. This is the earliest known
text to treat zero as a number all its own. lbalescribes the use of positive numbers as
fortunes and negatives as debts. In this textelsertbes a formula for finding the area of cyclic
guadrilaterals which is named after Brahmaguptas dn extension of Heron's Formula to a
four-sided polygon whose vertices all lie on thesaircle. Every triangle is cyclic, which
means it can be inscribed in a circle, and a tteangn be regarded as a quadrilateral with one of
its four edges set equal to zero.

. . . . . +p+C+
Brahmagupta's Formula says that the semi-perinoéteicyclic quadrilateral |sr>:M

so the area of the cyclic quadrilateral is equa]/(s— a)(s—b)(s—c)(s-d).

The area of quadrilateral ABCD is equal to the @ainthe areas oAABD and ABCD.
Area:%bcsin(A) +%adsin(C)

Since it's a cyclic quadrilateralJDAB =18C" —[IDCBand thesin(A) =sin(C).
Then using this relationship the area becomes:

Area=%bcsin(A) +%adsin(A)
Factoring out a common factor of %2 sin(A) gives:
Area:%sin(A)(bc+ ad)

Square both sides and use the relationship that
Sinf(A) = 1-coZ(A).

Area’ = %sinz(A)(bc + ad)2

2 1 2
Area’ = 2 (1— co§(A))(bc +ad)

Multiply both sides of the equation by 4 and then
use the distributive property to rewrite the equrati
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4Area’ = (bc + ad)2 —cos’(A)(bc + ad)2

Using the Law of Cosines, which will be proved ftatethis paper, | can write the length of DB
in two ways.

b? + ¢? - 2bccos(A) = a* + d* — 2ad cosC)

Since A and C are supplementary, then cos (C) s(A)o Substitute this into the length of DB
and solve for cos(A).

b? + c? - 2bccos(A) = a* + d* + 2adcos(A)
b? + c? - a® — d* = 2adcos(A) + 2bc cos(A)
b*+c?-a’-d® =2cos@)(ad + bc)
2,2 2 42
b*+c -a"—-d _ cos(A)
2(ad + bc)

Use the value of the cos(A) and substitute it thearea formula. Through factoring it can be
written as shown,

2
2, 2 _2_ 42
16Area’ = 4(bc + ad)’ - (b7 + ¢? - a? - o)’

16Area’ = (b+c+d-a)(a+c+d-b)(a+b+d-c)a+b+c-d)

The semi-perimeter is= uz(”d, so2s=a+b+c+d.

This relationship can be rewritten in the followiwgys:

2(s—a)=b+c+d-a

2(s—b)=a+c+d-b

2(s-c)=a+b+d-c

2(s—d)=a+b+c-d

Now each of the above can be substituted into k& @rmula and then simplified in terms of
the semi-perimeter.

16Area® = 2(s—a)2(s—b)2(s—c)2(s—d)
Area® = (s—a)(s-b)(s-c)(s-d)

Area=-/(s-a)(s—b)(s—c)(s-d)
Therefore, Brahmagupta's Formula has been proved.

Brahmagupta's Formula can be extended to findiagtbha of other quadrilaterals by adding
another term. A and C are any two pairs of oppaailgles. In a cyclic quadrilateral each pair of

opposite angles sum tg so cosfi/2)=0 and the final term reduces to 0.

o
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Heron's Formula is the special case of Brahmaguptamula where the length d is equal to
zero. This is similar to how the Pythagorean Thewoiea special case of the Law of Cosines,
which will be discussed next.

Pythagorean Theorem

The Pythagorean Theorem states that the sum sfjeres of the legs of a right triangle is
equal to the square of the hypotenuse. It carsbd to find the length of a side of a right
triangle if the other two sides are known. Pythragdived around 560 B.C. - 480 B.C. He was
a Greek mathematician and philosopher. He foumdsatiety based on mystic, religious, and
scientific ideas. This society lived by a striotle of silence. It is said a Pythagorean would be
put to death if they discussed ideas with peopteide their circle. Whether Pythagoras or
someone else from his school was the first to aesca proof of the theorem can't be
determined. A statement of the theorem was diseoven a Babylonian tablet around 1900
B.C. - 1600 B.C. Euclid's (c. 300 B.Elements furnished the first standard reference in
Geometry and he was the first to prove that thergra was "reversible”.

Hundreds of proofs have been published, and masilpgdhave more known proofs than any
other theorem. United States President James (lad@ised an original proof in 1876.
Pythagorean Proposition by Elisha Scott Loomis contains over 350 prodis. interesting note
about the use of this formula in Hollywood is thé&er receiving his brains from the wizard in
the 1939 filmThe Wizard of Oz, the scarecrow incorrectly states, "the sum oftiare roots of
any two sides of an isosceles triangle is equ#ldécsquare root of the remaining side."

| found two proofs that | particularly like. Thidt is based on the use of proportions.

c
N

AC_AH _ BC_HB

AB AC AB BC
Using cross products to rewrite the two proportimwilt in the following equations.

AC? = AB[ AH and BC?* = AB[HB
These can be combined usmg the addition propémgality and then simplify.

AC? + BC? = AB[AH + AB[HB
AC? +BC? = AB(AH + HB)

Noticing the fact thatAB = AH + HB, the equation can be rewrltten m:z +BC? = ABLAB or
AC?+BC?= AB*. Since AC =b, BC = a, and AB = ¢, thbh+ a’ =c”.
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A visual proof, credited to Bhaskara, may be maeeasible to my own students. Using a right
triangle, make three copies and rotate one 90°sé¢bend 180°, and the th|rd 270°. Putthem
together without additional rotations so they farsquare W|th side c.

Area of the large outer square is which is equéhéosum of the four triangles and the small
inner square.

=(a-b)’ + 4(%

c’za’-2ab+b*+2ab

c’=a’+b’

The Pythagorean theorem is used in more advancdtmatics. The applications that use the
Pythagorean theorem include computing the distarbg&een points on a plane, converting
between polar and rectangular coordinates, comgppnimeters, surface areas and volumes of
geometric shapes.

The following is an example that might be usedrnrapplication problem of the Pythagorean
Theorem. A removal truck comes to pick up a pdlength 6.5m. The dimensions of the truck
are 3m, 3.5m, and 4m. Will the pole fit in the kdcStudents are encouraged to draw a diagram
such as the one shown below to help them visu#izsituation.

<

It was generalized to a tri-rectangular tetrahednod another theorem called de Gua's Theorem
and another connection to the use of Heron's Fataul c
calculate the surface area.

De Gua's Theorem then the square of the area
of the face opposite the right angle corner is the
sum of the squares of the areas of the other faces.
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The Pythagorean Theorem is limited to right tri@sgiSo another bright student might ask,
"What happens to the formula if the we had an aoutbtuse triangle?"

The Law of Cosines

The Law of Cosines enters the picture. The La®adines relates the cosine of an angle in a
triangle to its sides. For any triangle with sidgé¢engths a, b, ¢, and with C the angle opposite
the side with length o¢* = a* + b* —2abcoqC). The Law of Cosines can be written for the

other two sides in a triangle’ =b® + ¢* - 2bccogA) andb” = &’ + ¢ — 2accogB).

This law generalizes to the Pythagorean Theorenghatolds only for right triangles, so when
C is equal to 90° its cosine is 0, 8d=a” + b® —2abcos(90). Since the cos(90°) = 0, then the

term -2ab(0) = 0 and it simplifies & =a® +b?. It is useful for finding the length of the ttir
side of a triangle when two sides and the inclualegle are know. It also allows you to calculate
angle measures in a triangle when the lengthseoftitee sides are given.

This law is proved looking at two cases, the fisstvhen the triangle is acute and the second is
when it is obtuse.

Case 1- acute triangle using the figure above:

To prove thec® = a” + b* —2abcos(C), look at ABDA.

Using the Pythagorean Theorezh=h?+ (b—i)*. This can be rewritten through multiplication
to getc’=h*>+b*>-2bi +i°>. In ACBD, a*=h*+i*soh’*=a”-i°. This aIIows(a2 —iz) to be

substituted in for hwhich results inc? = (a2 —i2)+ b® - 2bi +i*. By simplifying,
c’=a’+b”*-2bi. In ABCD, the trigonometric ratio for cos(C) is. Solving fori in the cosine
a

ratio leaves = acos(C).
Thus through substitutiorg” = a* + b* - 2bacos(C) or ¢ = a* + b* - 2abcos(C).

Case 2- obtuse triangle using the figure below:
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To prove thec? = a* + b> —2abcos(C), look at ABDA.
Using the Pythagorean Theoreof,= h? + (b+ i)z. This can be rewritten through multiplication
to getc’=h*+b*+2bi +i*>. In ABCD, a®>=h*+i*soh®=a’-i° This aIIows(a2 —iz) to be

substituted in for hwhich results inc? = (a2 —i2)+ b® +2ci +i*. By simplifying,
c®=a’+b”*+2ci. In ABCD, the trigonometric ratio for cos(180°-C)J|rs Solving fori in the
a

cosine ratio leaves=acos(180 - C) or i =—acos(C)
Thus, through substitutior” = a® + b” + 2b(—acosC)) or c® = a* + b> — 2abcos(C).

The concepts behind the Law of Cosines in the gakents by Euclid (c 300 B.C.) show up
before the general use of the word "cosine" by eratticians. Proposition 12 of Euclid's
Elements describes the property for an obtuse triangle angdition 13 for an acute triangle.
Al-Battani (c 10 A.D.) generalized these resultspberical geometry. Al-Kashi (c. 1380-1429
A.D.) wrote the theorem in a form suitable for tigalation. Its applications extend to
calculating the necessary aircraft heading to aauatwvind velocity and still proceed along a
desired bearing to a destination. It has a pralctise in land surveying.

Looking further into connections to the Law of Gus one would find out how it works for
spherical triangles.

Since this is a unit sphere, the lengths a, b,caar@ equal to the angles (in radians) extended
opposite an angle by those sides from the centérea$phere. For a non-unit sphere, they are
the distances divided by the radius. When lookihgmall spherical triangles, that is in which

the distances a, b, and c are small, the sphéawadf cosines is about the same as the law of

cosines in a plane In spherical triangles both sides and angles arellystreated by their

angle measure since sides are arc lengths of aarela. There is a Law of Cosines for the sides
and another for the angles. Using capital letergpresent angles, and lower case to represent
the opposite sides, the law for sides is given as:

cosia) = cosb)cosic) + sin(b)sin(c) cosiA)

cosb) =cosia)cosic) + sin(a)sin(c) cosB)

cos(c) = cosia)coshb) + sin(a) sin(b) cosC)

and the law for angles is given by:

cosiA) =—cosiB)cosC) + sin(B) sin(C) cosia)
cosB) =-cosiA)cosC) + sin(A)sin(C) cosb)
cosiC) =—-cosIA)cosB) + sin(A)sin(B) cos(c)
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The National Council of Teachers of Mathematicgusses the need to make connections
between mathematical ideas in the publicaRomciples and Sandards for School Mathematics.
When my students are encouraged to think matheatigtithey begin to look for and make
connections increasing their mathematical undedstgn By creating these connections, they
can build new knowledge on previous understandifigee types of questions that | need to ask
my students are: What made you think of that? Wigsdhis make sense? How are these ideas
related? Did anyone think about this in a diffenealy? Students can develop new connections
by listening to their classmate's thinking as thes®wvers are discussed. New ideas can then be
seen as extensions of other mathematical ideasathesgdy know.

As has been discussed in this paper, the ideatigatan generalize one mathematical concept to
a new or more complex problem is a very powerfu aften utilized tool for mathematicians.

It was suggested to me to find another pair of eptethat bear the same relationship as those |
have discussed. The following information appearshe website cut-the-knot, by Andrew
Bogomolny about generalizations.

"Pairs of statements in which one is a clear géizataon of another whereas in fact the two are
equivalent.

. The Intermediate Value Theorem - The LocaRanciple (Bolzano Theorem)
. Rolle's Theorem - The Mean Value Theorem

. Existence of a tangent parallel to a chaglistence of a tangent parallel to the x-axis.
& ang f dx

1+x2 pl+x2

. The Maclaurin and Taylor series.

. Two properties of Greatest Common Divisor

. Pythagoras' Theorem and the Cosine Rule

. Pythagoras' Theorem and its particular chs@é @sosceles right triangle

. Pythagoras' Theorem and Larry Hoehn's gdmatiain

10. Combining pieces of 2 and N squares intmglsisquare

11. Measurement of inscribed and (more generafigant angles”

| leave it to the reader to determine if theseraadly proven.
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