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Part | B.
Triangulation

Map making has been a scientific endeavor for nmah&ince the beginning of
recorded human history (ca. 5000 years ago) asdatday more sophisticated than ever
before. In terms of trigopnometric functions thesevidence that dates back to
Babylonian times that angles and distances fromtpain a triangle were utilized in
measurement with significant amounts of work irs tield done by ancient Greeks,
Indians, as well as Arabic mathematicians. Forgx{a the ancient Egyptians utilized
the trigonometric functions for surveying propestie order to determine how much of
their land had washed away when the Nile River @dlalod, additionally, the near
perfect squareness and the north-south orientafitme Great Pyramid of Giza built c.
2700 BC, affirm the ancient Egyptians skills invaying.

Historically, angles and distances were measunedigfn the utilization of
various devices. Distances were measured in anmomees with lengths based on the
human body, and there were remarkably many diftesgstems of measurement as a
result. Eventually, one standard of measure thitegl a universal nature was the
Egyptian cubit. Distance measures became somestdradardized and the surveying
tapes were made out of more reliable materialordier to measure the angles relatively
crude compasses were utilized. Later in timegctmapass with it's variations due to
location on the earth and magnetic declination reéieed with more carefully scribed
discs that that were capable of providing bettguéar resolution which allowed for
more accurate mapping. Today mapping is a muaie saphisticated process with the

use of total stations. These measuring devices hade the shift from being an optical-
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mechanical device to being fully electronic withrgauter and software support. Thus,
there has been a tremendous advancement in thangaggpabilities since the earliest

attempts.

The Cassini family was an integral part of the awbesment of mapping over the
course of about 200 years (1650-1850) and they wguerts at the triangulation method
of mapping. Giovanni Cassini was born in Italye Was the first of the famous Cassini
family of astronomers and as such, is often knosv@assini I. He showed great
intellectual curiosity and was especially interdstepoetry, mathematics and astronomy
during his schooling by the Jesuits in Italy. 660, Cassini | became professor of
mathematics and astronomy at the University of Boéo From his works, it can be seen
that at this time Cassini believed in an Earth eet solar system, with comets coming
from beyond Saturn but originating from the Eafdbservations lead him in 1659 to
present an Earth centered system, with the moorsamarbiting the Earth and the other
planets orbiting the sun. Later he came to acceptsion of the Copernican model.
Beginning in 1664 Cassini | was able to observéra waw powerful telescopes more of
the solar system and with these instruments Calssiade several new discoveries. One
of his discoveries dealt with the speed of ligHtad Cassini | not doubted his data, we
would today know that the speed of light was reldtethe work of Cassini I. However,
Cassini | was unable to accept his own ideas, angbbn rejected his ideas and looked
for other explanations for the discrepancy. haither ironic that it was Cassini's data that
was used by Rémer in calculating the speed of.ligtdssini's brilliant discoveries gave

him an international reputation and led to him gemvited to Paris by Louis XIV in
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1668. Cassini | became head of the Paris Obsewistd671 and he changed his views

about returning to Italy and he became a Frendrecit

One of his sons, Jacques was educated at theQRagesvatory and at the age of
fourteen defended a thesis on optics. In 1694ukschegan to work on projects with his
father and like his father he was interested iroasimy. Additionally, Jacques was also
interested in accurate map making. With his fatleeproposed a method to measure
longitude by means of the eclipses of the starslaaglanets by the moon.
Unfortunately, Cassini | and Il both believed thia Earth was elongated at the poles
rather that flattened as suggested by Newton. idldskad several sons, one to be
known later as Cassini lll who continued the wofkaoth his father and grandfather.
Cassini lll gained a tremendous amount of expedemarking with his father, although
to his family’s dismay, Cassini lll found the dataoppose his family’s view on the
elongation of the earth at the poles. Cassiraldb conducted at about this time the most
accurate survey to have been carried out in Frapsetting up a large number of
triangulation points based on the meridian throBghs. The basic principle that Cassini
1l utilized in his triangulation was the one ddberby Gemma Frisius in the 16
century. This triangulation problem relies on thet that if one triangle’s angles and
sides are known then successive triangles canilie BEach one of these triangles
standing on the side of the previous triangle hgvarknown side and if the angles of the
new triangle can be accurately measured then answzessively build new triangles
and as a result create an accurate map. Cad&®ndia to map France accurately was a
tremendous undertaking that was estimated by ddHgim take twenty years to

complete, but because of numerous interruptions ¢oer thirty years to complete. As a
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result, Cassini Ill who died of small pox did neeshe mapping of France to completion.
The project was completed by his son Dominique Gas#o had been working with his
father for nearly ten years. After the death sffather, Cassini Ill, Dominique
succeeded his father at the Paris Observatory amgleted the mapping of France in

1790.

Today we have in memory of the Cassini family acegarobe mapping the
Saturn and the moons of Saturn. Notably, justypdaw radar images from NASA's
Cassini spacecraft revealed geological featuresasito those found on Earth on
Xanadu, an Australia-sized, region on the moonnTiti is only fitting that today some

200 years later, Cassini is still mapping and iagdlin new discoveries in astronomy.
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a) Given thequadrilateral ABCD below, we can use the given information, a

ruler and a protractor and basic facts from plane geometry to double and

half AABC.

Triangle ABC can be doubled by folding A over Bcteate a new segment AB’ that is
twice the length of AB, by repeating this procemssegments AC folding over C to
create AC’ doubles the length of segment AC creat@silar triangle that is twice as
big. In order to do so the segments need to endrt through the use of a rule so that
the doubled segments lie on the same line. Omdakye the triangle by doing a similar
process, but instead of folding to create a twgbig triangle, one will fold A to B to
create a line segment half as long. At this pome could then fold point A to point C to
create segment AC’ that is half as long, this wridlate a triangle that is half the size of
the original triangle ABC.
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b) Statethelaw of sinesin the context of our triangle ABC and show how to
computethelengthsof AC and CB.

The sides of the triangle are to one another irséimee ratio as the sines of their
opposite angles:
S’neA= SneB _ SneC

BC AC AB

If angle A is equal to 45.16 degrees and angle %96, then we know because of 180
degrees in a triangle that 180 — 45.16 -105.96 wis@8.92 degrees and is equal to
angle C. Given segment AB is equal to 3.82 cm theran solve for the ratios of angles
to side to find the lengths of AC and BC as follows

Sn45.16 _ Sn2892

Cross multiplying and solving for a gives the déalin
BC 382 plying g g g

sin 45.16*3.82 =sin 28.92a, dividing both sitigshe sine
of 28.92 gives
BC = 5.60cm

To find the other segment we can repeat the prpaesishave the following:

Snl0592 _ Sn2892

Cross multiplying and solving for b gives the @ollin
AC 3.82 plying g g g

sin 105.92*3.82 =sin 28.92*AC, dividing both sidasthe
sin of 28.92 gives
AC =7.60cm

c) Explain how by taking only line of sight angle measurementsat A and at B and
by using thelength of segment AB and the law of sines, you can determinethe
length of the dashed segment DC. Can you determinethe length of DC no
matter where DC is placed?

OBAD =7993is a line of sight measurement
[0 DBA = 70.05 is a line of sight measurement
[0ADB =180 -79.93 — 70.05 = 40.03

Thus, by using the law of sines we get the follayvin

Sn7993 _ Sn40.02
BD 3.82

Cross multiplying and solving for AD gives theltming

sin 79.93*3.82 =sin 40.02*BD, dividing both sidesthe
sin 40.02 gives
BD = 5.85cm
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Then continuing with this method to find furthefarmation about the polyhedron, we
find side AD by also using the law of sines.

Sne7993  Sne7004
5.85 AD

Cross multiple and solve again gives the following

AD =5.58

Now using the law of cosines which is as follows:

DC? = AC2 + AD? - 2(AC)(AD)CosA

DC?= 760° + 585°-2*7.60*5.85*c0s(79.93 -45.16)

DC?=18.93935

DC = /1893935

DC =4.35cm

d) Assumethe pointsbelow represent the sight points A, B and the grain elevator
near Bakers chocolatefactory ispoint C, the water tower at 84™ and Yankee Hill is
point D, Madonna ProActive at 56™ and Pine Lakeis point E, the transmission
towers at roughly 14" and Old Cheney ispoint G, and finally, the State Capitol in
downtown Lincoln ispoint F. Using only information from sightings from points A
and B explain how using the practice problem distances and compass headings may
be obtained fromBtoCtoDtoEtoFtoGtoA. AssumeNorth isstraight up and
that the actual distancefrom A toB is1 mile.

mOABC =15994
mOBAC =1800
AB =0.93cm
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D

Using the information from the previous page conitgy the measures of angle ABC and
angle BAC, the measure of angle BCA can be fourfdlbsvs:

UBCA =18C-UABC -UBAC
BCA= 206

Snl800 _ Sn206
BC 93cm

Solving as we did in the practice problem usingléve of sines allows us to find the
length of BC

BC = 7.995cm

To convert 7.995cm to miles we use the unit conearsatio from the initial information
given in the problem as follows:

7.995cm *mile
93cm

= 8.60 miles from point B to point C at a complsading of 108.00

degrees.

To find segment AC we do the same operation aseabswng the law of sines.

_ Snl5994 _ sin 206

AC =
AC 09m

Segment AC has a measure as found by the use afflamnes equal to 8.87cm
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Now we will construct an additional triangle whiakil enable the calculation of the
distance from C to D.

A B

Given the following information, the law of sines)d the law of cosines the distance
from C to D can be found.
mLJABD =121.75

MUBAD =5450
mUBDA =180-121.75-5450= 3.75°

Finding segment AD by the law of sines gives tH®¥ang: SIn12175 _ sin 375

AD  0.93cm

thus,
segment AD = 12.09cm.
Now given side length AD and side length AC angagle measurement for

[JCAD = [ BAD- [JBAC =3650°, we can use the law of cosines to solve for segmen
CD. Below is the law of cosines.

a’ =b?+c*-2*b*c* cosA

DC?=8.87°+12.09" + 887 *12.09*cos 36.50

DC=4/524365
DC = 7.24cm

At this point, we need to convert from cm to migggen that 0.93 cm is equal to 1 mile
by the following:

. Imile
0.93cm
to the water tower at 84and Yankee Hill.

7.24cm = 7.78 miles at a compass heading of 144.50 ddgreesight point A
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Continuing this process of using the previous ptordetermine future point will allow
us to move from point D, the water tower af’@hd Yankee Hill to Madonna Proactive
at 56" and Pine Lake. Here we will also have line ohsimeasurements as well as
previous triangle legs.

A B

We know the following information for the point & the above diagram:
mOBAE = 6850

MLBAD =545
MUABE =10625

From this information, we can find the measurergjla AEB by subtracting from 180
the measures of the angle BAE and ABE. This gaveseasure for AEB of 6.25 degrees.

sin 625 _ sin10625
0.93 AE

The length of segment AE is equal to the followiatjo:

AE = 8.20cm and from the previous triangle solutie know that segment AD = 12.09
cm so with an angle measurement, once again theflaasines may be utilized to find
the distance between two points.

Angle DAE is needed in order to use the law of wesiand we find the angle by the
following triangle relationship:mODAE = mOBAE - mLIBAD

=68.50 — 54.50

=14.00 degrees is the measure of anglg DA

Given two legs of the triangle and an angle the ddwosines can be utilized again to
find the distance between D and E.
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ED? = AE? + AD? — 2(AD)(AE) coslIDAE
ED? = 820% +12.09° - 2* 820*12.09* cosl4 .00
ED? =2102

ED = 4.58cm

Again converting this cm measurement into miledhwliee unit conversion of 0.93 cm
being equal to 1 mile gives the distance from [E tas 4.92 miles at a compass heading
of 158.00 degrees from sight point A to Madonnaaktive.

This process of utilization of the previous triamtgg and new line of sight
measurements continues as one advances from ptondnt G.

A B

D

Again by taking line of sight measurements, itogrfd that angle BAG is 102.50 degrees
and angle ABG is 68.50 degrees. Therefore, thesumeaf angle AGB is 180 degrees
minus the measures of AGB and BAG or in terms gfréles 9.00 degrees.

Use the law of sines to find the next leg neededhat the law of cosines may be used to
calculate a measure for segment AG of 5.53 cm.

Using the law of cosines again results in a vatweségment EG of 4.76 cm. Converting
this measurement using the unit ratio gives a degtdrom EG of 5.12 miles and a
compass heading of 192.50 degrees from sight pofatthe transmission tower at".4
and Old Cheney.
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This process of utilization of the previous triamtgg and new line of sight
measurements continues as one moves from pointie tetarting point A. At this point
the process changes somewhat and we only neaattthi last leg of the triangle, and
can do so with just the law of sines. At this poue have arrived back at the starting
point of the diagram, point A.

With the diagram below we can utilize just the lafnsines and solve for a leg of the
triangle and have both the distance between thaai and F as well as the compass
heading.

Using the information from above, when the distainom G to F was found we use the
value we found for the length AF, which was 3.57d@uonverting this into miles with the
unit conversion of 0.93cm being equal to 1 milefind that AF is 3.84 miles or in terms
of the problem it is 3.84 miles from the State @algib the overpass at 95t. and 1-80
with a compass heading of 207.25 degrees fromigiin goint A to the State Capitol.

D

€) What happensif you are a bit off in your measurements? For example what
error isintroduced if you are off by one degree in measuring angles ABC and
BAC? How doesthischangeif B ismoved further east sothat AB is2 miles?
Check some other errors (for exampleif you are off by only 0.1 degree or if you
areoff in theoriginal AB by 20 feet.

If in the original measurement &fABC the measurement is off by only one degree,

this incorrect measurement causéBAC to either be one degree larger at 3.06 degrees or

one degree smaller at 1.06 degrees. If we utifizee numbers in the law of sines as we
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did in part d, the calculations yield a tremendeusr in the distance measured. For
example, if the measurement @ABC resulted in(JBAC being 1.06 degrees, then the
resulting calculations give a measurement in cesténs for segment BC of 15.53 cm.
This is significant as the previous calculatedatise for segment BC was 8.60 cm. This
yields an error of 80%. Unfortunately, as alllvé succeeding measurements are
dependent upon the initial measurements, thisralgirror compounds itself as on
calculates the distances of the succeeding polmsgthening the original leg to two
miles enables the measurements to be made someadiat due to the sight lines being
longer. Smaller errors as suggested in the questioh as 0.1 degrees will create
smaller errors in the calculations, but even withladegree error in the angle
measurement, there will be a 7.1% error in thetlenfsegment BC. Again this is
compounded throughout the additional sightingsraedsurements of the triangulation
and results in significant errors towards the entthe series of triangles. A
miscalculation of 20 feet in the measurement agaas not seem significant, 20 feet out
of a mile is only 0.38 % of the mile and seemd @&scould be discounted, but again this
small error compounds itself throughout the tridation problem as a distance error has
an impact on all of the future distance measuremelfi20 feet seems insignificant,
drive on the county roads in Saline County aftek dend find that the surveying between
Saline and Seward counties is off by about 20 te®d,as a result, many of the gravel

roads do not match up, and have interesting hitleds in them at the county line!
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